Recently, Liu et al. proposed the smoothed finite element method by using the non-mapped shape functions and then introducing the strain smoothing operator when evaluating the element stiffness in the framework of the finite element method. However, the theories and examples by Liu et al. are not sufficient for general quadrilateral elements. This paper shows that the non-mapped shape functions used in the smoothed finite element have disadvantages in existence, linearity, non-negativity and patch test.
INTRODUCTION
The finite element method (FEM) has been widely used in scientific research and engineering applications. So far, there are a great number of commercial computer codes such as ANSYS, ABAQUS, NASTRAN, to name a few, which are versatile and robust.
However, there is room still for improvement for the FEM. First, the FEM is of low efficiency in solving complex problems involving multiple materials and internal geometries such as inclusions, interfaces and cracks due to the difficulty in mesh generation. In virtue of this, some new FEMs were proposed such as the extended FEM [1, 2] and the generalized FEM [3, 4] . Second, the finite element method is of low accuracy in tackling the relatively large deformation problems due to
THE SFEM AND ITS FEATURES

Briefing on the SFEM
For a two-dimensional static elasticity problem, the element stiffness in the finite element formulations is expressed as
where [B] is the gradient matrix, [D] is the elasticity matrix, and is the domain occupied by a certain element. Denoting K FEM-0 by a block form according to the nodal number in the element, the entries are 
and
For the isoparametric quadrilateral elements (termed FEM-0), since the mapped shape functions are adopted, integration (2) is generally carried out by using the full integration (four Gauss points for the two-dimensional setting) within the parent element. Although the mapped shape functions have many advantages (e.g. compatibility) and are widely used at present, they prevent the use of distorted elements. In addition, the single-displacement-field method over-stiffens the system matrix, which can be alleviated by using the reduced integration.
In 2007, Liu et al. [9] for the first time proposed the SFEM to improve the performance of the FEM by using the non-mapped shape functions and introducing the smoothing operator in evaluating the element stiffness. Non-mapped shape functions permit the element with a severely distorted shape, and the smoothing operator can be interpreted as a compromise of the full integration and the reduced integration.
If the non-mapped shape functions areN I , then the stiffness of the element (called FEM-1) are
andb
As the shape functions are dissimilar, the FEM-1 is in essence different from the FEM-0. In the SFEM, each element is divided into SC cells. In each cell, the gradient is assumed to be constant with the value calculated by the smoothing operator as
where x C is any point inside the cell, C is the domain occupied by the cell C, and A C is the area of the cell C.
Thus, for the SFEM, Equation (5) becomes Hence, in the SFEM, evaluation of the stiffness matrix is focused on integration (8) . Using the divergence theorem, Equation (8) becomes [9] 
where C is the boundary of the domain C , and n k is the unit outward normal of C . In other words, in the SFEM, an integral of field gradient over the domain C is transformed to be an integral of the shape function per se on its boundary C .
Features of the SFEM
The features of the SFEM have been summarized by Liu et al. [9] [10] [11] . According to the authors' opinion, the following two features are essential:
(1) In the SFEM, the non-mapped shape functions are used. For example, the shape functions of quadrilateral elements are
where
As no coordinate transformation (or mapping) is introduced in the SFEM, limitation is no more imposed on element shapes.
(2) In the SFEM, the strain smoothing operator is introduced when evaluating the element stiffness. Thus, as expressed in Equation (11), field gradients are computed directly only using shape functions per se, and the domain integration over a cell are recast into the boundary integration. On this basis, high-order field gradients can be recursively obtained, for example,
ON THE NON-MAPPED SHAPE FUNCTIONS IN THE SFEM
Equation (12) is identically equal to Equation (22) in [9] (for more details, see [14, 15] ), the shape functions of quadrilateral elements originally used in the SFEM. Within this context, the form of Equation (12) is adopted only for the mathematical reason. In this section, we shall study the properties of Equation (12).
Existence
First, the existence of the non-mapped shape functions is considered. This, as we know, is most important for an element.
Theorem 1
For a rectangular element, if either of the parallel side lies along /4 direction from the x-axis of the coordinate system, the non-mapped shape functions expressed by Equation (12) do not exist.
Proof
This theorem will be proved in light of the fact that if matrix [M] is singular, the shape functions expressed by Equation (12) do not exist. Figure 1 shows a rectangular element in the coordinate system. is the angle of 1-2 side from the x-axis, and 1 and 2 are the angles of the x-axis, respectively, from the diagonals 1-3 and 2-4. 0 is the angle of the diagonal 1-3 from the side 1-2 in the rectangular element, and r 0 is the distance of the diagonals.
For the rectangular element, we have
2 , x y ( ) Further, we obtain
which gives
For Equation (13b), subtracting the sum of the second and the fourth columns from the sum of the first and the third columns, we obtain
From Equations (16) and (18), Equation (19) is denoted by
From the knowledge of linear algebras, the singularity of matrixM is same as that of matrix M and is definitely singular ifM 41 = 0.
From Equation (18) , Equation (21) can be rewritten as
On the other hand, from the definitions of distance and angle in Figure 1 , we have 
Thus, Theorem 1 stands. Although Theorem 1 is only a sufficient condition under which matrix M is singular, it shows that even if the element is rectangular, the existence of the non-mapped shape functions by Equation (12) cannot be assured.
Linearity
The linearity of the shape functions is often used when evaluating the boundary integrals in the SFEM [9] [10] [11] .
Theorem 2
As for Equation (12) , only along the lines parallel to the x-axis or y-axis, the shape functions vary linearly.
Proof
The coordinates (x P , y P ) at any point P in a line passing through two reference points A(x A , y A ) and B(x B , y B ) can be expressed as
where is the parameter characterizing the distance of the point P away from the point A. Here it is assumed that varies between 0 and 1, which means that point P lies between A and B.
Substituting Equation (26) into Equation (12), we immediately obtain
with From Equation (27), for a non-mapped quadrilateral element, the linearity of the shape functions along a line holds if and only if
which implies that the line must be parallel to the x-axis or y-axis. Hence, Theorem 2 is satisfied. Particularly, for a parallelogram element, Equation (27) can be rewritten in a simpler form as
The coordinates are often introduced to facilitate the description of the physics in nature. However, the linearity of the non-mapped shape functions is dependent on the orientation of the axes. From this point, the FEM-1 is not versatile as the FEM-0, and therefore cannot reflect the essence of physics.
Non-negativity
The non-negativity of shape functions is in general not straightforward. To show it more clearly, we examine a well-conditioned parallelogram element shown in Figure 2 .
On placing the coordinates of the four vertices of the element into Equation (12), we obtain the shape functionsN 
These values further verify the non-linearity of the shape functions and moreover show that Equation (12) may yield negative shape function values in the element. That is to say, for FEM-1, the non-negativity of the shape functions is not guaranteed. However, for the FEM-0, the nonnegativity is quite apparent. Hence, we have following corollary.
Corollary 1
For the non-mapped shape functions of Equation (12), the shape function values are not always non-negative within the element, depending on the shape and the orientation of the element.
Patch test
The patch test for the SFEM is examined for the three cases shown in Figure 3 . In the test, we change the orientation of the axes by taking the values of to be 0, 30, 45, 60 and 90 • , respectively. The results are listed in Table I . It is seen that the test is conditionally passed, depending on the shape of the element (e.g. for the case of Figure 3(a) ) and the orientation of the axes (e.g. for the case of = 45 • ).
REMARKS ON THE SFEM
Since the advent of the SFEM, numerical experiments [9] , theoretical studies [10, 12] , and applications [11, 13] have received attention. From the analysis in Sections 2 and 3, the following remarks are made on the SFEM.
(1) The non-mapped shape functions used in the SFEM are questionable. Compared with the FEM-0 with mapped shape functions, the SFEM allows the severely distorted element in shape in theory. However, it is proved that the existence of this kind of non-mapped shape functions is not assured, depending on the orientation of the axes. This issue remained unnoticed before.
(2) The non-mapped shape functions along the element edge are determined not only by the related nodes but also by all the nodes in the element. In this circumstance, if a boundary condition is prescribed on one edge, all the nodes within the element must be equivalently imposed upon. This conflicts with the fact that some nodal values are to be solved. Moreover, if the traction boundary condition is imposed on one edge and the displacement boundary condition is imposed on one of the other edges in a certain element, which is often the case for the elements located at the corners of the physical domain, the equivalent case is that there will occur certain nodes on which the equivalent traction is prescribed and simultaneously the displacement is fixed. This is not permitted in mathematics, and obviously unreasonable for a versatile numerical method as well.
(3) The shape function values are sometimes negative for the SFEM. As a well-conditioned element, non-negativity of the shape function values is necessary and has been used by Liu et al. (see [9, p. 865] ). However, the example indicates that the SFEM does not possess this property.
To sum up, some important properties such as the existence, linearity, non-negativity and patch test of the non-mapped shape functions in the SFEM are strongly dependent on the orientation of the axes, and there exist apparent errors in the statements of the SFEM in [9, 10] . Thus, the numerical results in [9, 10] are not convincible.
In [10] , the theoretical bases of the SFEM for the sequential division into cells were attributed to the mixed variational method with the assumed strain method by Simo and Hughes [16] . It seems that using the smoothing operator in the smoothing cell will yield the results ranging from the reduced integration to the full integration. However, because the non-mapped shape functions have aforementioned disadvantages, the theoretical remarks in [10] cannot be admitted. In addition, the FEM-0 and the FEM-1 were confused in [10] . It is the FEM-1 that is identical to the SC →∞ SFEM rather than the FEM-0.
It should be mentioned that as the shape functions of the SFEM do not vary linearly along the cell edges, it is no more necessary to transform the integration over the smoothing cell (domain) to that on the cell edges (boundary). Considering the fact that the non-mapped shape functions are in polynomial form, the integration can be exactly carried out over any triangles. Hence, the division of triangular smoothing cells is recommended.
From the above remarks, the focus of the SFEM study is on how or whether it is possible to construct the required non-mapped shape functions. As for the polygonal element, the non-mapped shape functions are also not unique [17, 18] . These issues are now under study and results are awaited.
